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Quiz 2: Dynamic Response of a Second-Order System

The head positioning system of an inkjet printer is sketched in Figure 1. A mo-

tor with gearbox drives an inelastic belt. The wheel at the other end of the belt is

equipped with a position encoder. There is no disturbance, but a controller is re-

quired that allows accurate and fast positioning of the head with variable setpoints.

For the motor, we’ll use the same equation as in the last Quiz,

ω(s) =
kM

Js + RF

IM(s) (1)

where J is the rotational inertia, RF is the combined reverse EMF and friction, ω

the motor’s angular velocity (ω(t) has units of s−1), and kM the motor constant. The

position encoder provides a voltage Vx that is proportional to the x-position of the

head with a proportionality constant ks. Finally, assume that the belt friction and

belt inertia are accounted for in J and RF , respectively. The goal of this Quiz is to

examine how the controller changes the location of the poles in the s-plane, and to

relate the time-domain head motion to the pole location.
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Figure 1: Sketch of the print head positioning system. A motor with gearbox drives a

belt. The belt, in turn, drives a position encoder attached to the opposite wheel. At the

same time, the belt moves the print head. The position of the print head (x) is the primary

controlled variable. However, the position encoder delivers a voltage Vx that is proportional

to x, and Vx can be considered to be a proxy for the controlled variable.

A controller is provided, and a closed-loop feedback system established whose

block diagram is shown in Figure 2. The starting point is the DC motor function

that we used before, but we now need to consider the gearbox and the belt. Gear-
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box and belt wheel radius can be combined into one real-valued factor g, and the

position is therefore related to the motor’s angular velocity through

x(s) =
g

s
· ω(s) (2)

where the integrator-s represents the relationship between motor shaft angle φ(t)

and angular velocity ω(t) = φ̇(t). The factor g describes the distance traveled by

the print head when the motor performs a full rotation. Note that no unit matching

between the motor torque (Nm) and the position (mm) is necessary, because those

are related through the angular velocity ω(t) (radians/s). In addition, the linear

inertia of the print head is scaled by 1/g and then included in J so that J is the only

inertia term that we need to consider. The following values are given:

J = 0.1 Nm s2; kM=1.2 Nm/A; RF = 0.4 Nm s; g = 0.5mm; ks = 1V/mm.
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Figure 2: Block diagram of the head positioning system. The motor drive current is

provided by the controller, which has a transfer function of H(s). Although a disturbance

can be modeled as the disturbance torque D(s), we will not consider it and assume that

D(s) = 0. The sensor is conveniently calibrated with ks =1 V/mm so that it reports the

position in mm.

1. Compute and sketch the location of the open-loop poles in the s-plane. The

open-loop poles are those of the motor/positioning system in the absence of

a controller. Is the process stable? Score: 5 points

2. Use a P-controller with amplification kp. Since the sensor is calibrated to

provide 1V/mm, we can use ks = 1 and consider a setpoint in mm. The input

to the P-controller is therefore the difference between setpoint R(s) and the

actual position x(s). The output is the motor drive current. The controlled

variable is now the head position x.

a Compute the closed-loop transfer function G(s) = x(s)/R(s) with D(s) =

0. 5 points
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b Provide a general expression for the location of the poles of G(s) when kp

is variable. 5 points

c Sketch a trajectory of the poles, beginning with very low values of kp and

up to kp = 2/3, and then in the same diagram the trajectory of the poles

when kp > 2/3. 10 points

3. We now apply a unit step input R(s) = 1/s. Compute and plot the time-

domain step response for kp = 1/2 and for kp = 2/3. Which of the two kp

settings allows to reach 95% of the setpoint value faster? 10 points

Hints: (1) For Q3, use Laplace correspondence tables, but note that the two cases

have different correspondences! (2) It should not escape your notice that the choice

of kp = 2/3 has a special significance. If you don’t see any, check your work.


