
CSEE 4620 Homework 2 Fall 2018

Computed Tomography

1. PROJECTIONS

Consider a parallel-beam acquisition system (see Figure
3.5 in our book). The object is a solid cylinder of radius
R, placed in the center of the coordinate system Figure
1). The cylinder is composed of two parts. The upper
half is aluminum, and the lower half is bone mineral
(calcium hydroxyapatite, CaHA). The scan width is 2d
(range -d to d). The following values are given:

R = 1 cm
d = 2 cm
μ(Al) = 1 cm-1

μ(CaHA) = 0.85 cm-1

μ(air) = 0

Absorption values are for 50 keV, but this is irrelevant
in this context.

Initially, we obtain projections parallel to the y-axis,
whereby x can take any value between -d and +d. 

a. What is the path length (equation!) of the x-ray
beam inside the solid object?

(hint: the answer is simple once it is rephrased as the
length of a secant parallel to the y axis and as a function
of x)

b. Quantitatively plot the absorbance A and the
attenuation I/I0 for projections parallel to the y-axis as a function of x. For this purpose, use any 
tool you consider useful, such as a spreadsheet, Octave, Matlab, Gnuplot, etc.

Note: Apply Lambert-Beer’s law,

(1)

where the beam path s is a line parallel to the y-axis. Since the materials inside the cylinder are 
homogeneous, the integral becomes a sum of two components. Moreover, the absorbance is the 
negative exponent, i.e., 

(2)

The attenuation plot is a normalized version of the data that a CT sensor would output for one 
projection.

Figure 1: Cross-section of the cylindrical 
object. The cylinder has the radius R. The 
upper half is made of aluminum, and the lower 
half of bone mineral (CaHA). The scan width is
2d (from -d to d). A pencil beam source that 
generates an x-ray beam parallel to the y-axis 
and a detector to collect the projection intensity
I(x) are also indicated.



c.  Quantitatively plot the absorbance A and the attenuation I/I0 when the cylinder is rotated by 
90º. The difference to b. is that any path s now traverses only one material, but the material changes at 
x=0.

2. SINOGRAMS

The object in Figure 1 is now replaced by a thin wire. We can idealize the wire as having absorbance 
only in the origin of the x-y coordinate system and can describe the 2D cross-section as

(3)

Such a function whose value is unity when the argument is zero and whose value is zero otherwise is 
called a delta function. The projection of a -function is also  a -function, but only one-dimensional.

We will now allow the source-detector system to rotate around the object. For this purpose, we define a
new coordinate system (s,t), in which absorption takes place along the s-axis and the projection 
depends only on the spatial coordinate t. This arrangement is shown in Figure 3.5 of the book. 
Depending on the rotation angle , any point (x,y) of the fixed (object) coordinate system can be 
translated into the rotating (source-detector) coordinate system through

(4)

d. Sketch the sinogram of the centered, thin wire.

The wire is now displaced from the origin and positioned at . If you wish, you can assume the 
geometry of Figure 1 with  1cm.

e. Sketch the sinogram of the displaced wire 
    and show that the trace is a sinusoid with amplitude 

Hint: It may be useful to sketch the projection process. You’ll see that the wire contributes a point 
(specifically, -function) for one specific value of t. Since you project along the s-axis, the s coordinate 
plays no role. When you finally consider that the wire is placed at , Equation 4 simplifies 
dramatically.

f. What distribution of absorbers μ(x,y) has the
associated sinogram in Figure 2? (Sketch)

Hint: Consider your answer for e. Also consider
that the projection operation (Radon transform) is
a linear operation, which implies that the
sinogram of two objects A and B is the same as
the sinogram of A superimposed with the
sinogram of B.

(see note on linearity on next page)

Figure 2: Sinogram of some distribution of 
absorbers μ(x,y)



Due date and grading:

The homework is due on 9-19-18 at class time. The maximum score is 25 points with a maximum of 3 
points for a, 5 points each for b and c, and 4 points each for d, e, and f.

Late turnin penalty: For each late day, you lose 1 point from your total score.

Early turnin bonus: If your homework is done before the due date, you may present your work for a 
brief evaluation. If I find significant errors, I will point those out and return the homework to you for 
revision. You may turn in a revised version by the due date. 

A note on linear operations:

In general, any defined modification of a dataset or an image is referred to as an operation. Example 
operations include image filters or contrast enhancement, but also the Fourier- and Radon transforms.

Operations are called linear, when they meet two conditions – they obey both the scaling and 
superposition principles. Let us denote the input dataset as X and the output (meaning, the operation 
applied to X) as Y. Moreover, when a different dataset V is applied to the operation, its output is W.

• A linear operation obeys the scaling principle: If each value of the input dataset X is multiplied 
by the real-valued scaling factor a, then the output is the dataset aY, i.e., each original value of 
Y is also scaled by a.

• A linear operation obeys the superposition principle: If the input for the operation is the sum 
X+V, then the output is Y+W. This implies that it is irrelevant whether the operation is 
performed on X and V separately and the results added (superimposed), or if the operation is 
applied to the sum of the input datasets.


