
CSEE 4620 Homework 3 Fall 2018

MAGNETIC RESONANCE IMAGING

1. THE PRIMARY MAGNET

Magnetic resonance imaging requires a very strong static magnetic field  to align the nuclei. Modern
MRI scanners require superconducting coils, because regular electromagnets would not be capable of 
conducting the necessary current.

Consider a cylindrical bore of 1m diameter and 0.5m length. The goal is to achieve  1.5T (a 
common value for clinical scanners). Let’s examine how close to the goal we can get with a copper 
coil. Assume that we use transformer wire of 1mm diameter, and we create a one-layer coil.

(a) How many turns can you obtain in the given space?
(b) What magnetic induction do B you obtain inside the bore for a coil current of 100A?
(c) What is the copper resistance of the entire coil?
(d) What voltage would you need to drive 100A through the coil?
(e) And finally, what current and therefore what voltage are needed for 1.5T?
(f) How much power would the hypothetical 1.5T coil draw?

Note: It is sufficient to use the approximation for a long, cylindrical air coil,

(1)

where n is the number of turns, D the bore diameter, and I the current through the coil. Since the field is
static and the current therefore constant, the coil’s inductance is irrelevant and current I and voltage V 
obey Ohm’s law,

(2)

The specific resistance of copper is .

For comparison, a cheap soldering iron draws 16W, and a space heater or hair dryer can draw up to 
1500W at the high setting. The average household consumes (also in average) 1250W.

Perhaps a different coil configuration can help? Looking at Equation 1, we can increase B with more 
turns. There is, however, a space constraint. 

(g) If you use twice as many turns with half the wire diameter, how many amperes, volts, and watts 
do you need for 1.5T?

(h) If you use double the wire diameter (but half as many turns), how many amperes, volts, and 
watts do you need for 1.5T?

(i) What happens if you use multiple layers in the coil? Assume that two layers have approximately
the same diameter D, but many more layers stack up and the diameter (and thus the wire length 
per turn) increases.



2. PRECESSION AND SPIN RELAXATION

Consider the equation of motion,

(3)

where  is the spin magnetic moment with its three Cartesian components in the 
x’-, y’- and z-directions, and  is the magnetic field of the radiofrequency pulse. We 
examine Equation 3 within the rotating reference frame, meaning, the spins and the RF magnetic field 
are in resonance and stationary with respect to each other. Consequently,  has only a component in 
the -direction ( ), which is constant in the rotating reference frame. The magnitude of the RF field is

mT. Note that the gyromagnetic ratio  42.58 MHz/T is valid for any magnetic field.

(j) If the initial magnetic moment is the equilibrium longitudinal magnetization, that is,
, what are the three components of the left-hand side vector of Equation 

3? In other words, what is the initial rate of change that the spins experience?
(k) If you now consider the magnetic moment after a very short time  – short enough so that the 

approximation  holds and short enough that  – what is the angle between the 
initial longitudinal magnetization and the new direction of magnetization as a function of ? 
Compare your result to Equation 5.11 in the book. (Hint: Sketch the vectors  and

 in the y’-z plane)

Note: For a very short time interval , you can approximate Equation 3 by

(4)

and by multiplying both sides with , you obtain the new magnetization as 

(5)

(l) If mT, how long do you need to apply the field  to achieve a 90 degree flip?

Vector cross product of two vectors  and  in a Cartesian coordinate system:



The RF pulse, applied in resonance, transfers energy to the spins. After cessation of the RF pulse, the 
spins lose their energy either to neighboring spins (spin-spin relaxation, time constant ) or to the 
surrounding matter (spin-lattice relaxation, time constant ). The time constants are tissue-dependent. 
Local values of  or , displayed as image intensity, are one of the most important contrast 
mechanisms in MRI.

(m)Plot quantitatively (a sketch is not sufficient) the decay of the transversal magnetization  
for two tissue types with  relaxation times of 90ms and 100ms, respectively. Assume that the 
initial magnetization is  100%, meaning that the initial signal at  is the same for both
tissue types.

(n) What contrast do you see near  (immediately after the RF pulse) and after a long time of 
several multiples of ?

(o) From your plot, determine how many ms after the RF pulse you obtain the highest contrast.

Note: Contrast is defined as 

(6)

where  is the signal level (that is, the magnitude of  for tissue A) and   is the signal level of 
tissue B. It does not make much of a difference which tissue you assign to A and B, respectively.

The RF antenna that is responsible for receiving the spin’s induction signal can be designed to receive 
two orthogonal components along the x- and y-axes, respectively. It is convenient to interpret the x-y 
plane as a complex plane with x as the real component and y as the imaginary component. After 
amplification, the induction signal – decaying with  – can be described with

(7)

where  is the Larmor frequency. In a process called demodulation, the signal  is multiplied with 
another oscillation of the same frequency. The demodulated signal is lowpass filtered, and frequency 
components of  and higher are suppressed. Therefore, you may omit all terms that contain .

(p) Show that the demodulated signal  yields the pure  decay envelope apart from 
a constant factor.

Multiplication of two harmonic oscillations:



3. FOURIER ENCODING OF SPATIAL INFORMATION

Magnetic gradients are used to make the Larmor frequency spatially variable. In this example, we’ll 
examine a MRI scanner with a primary field of 1.5T and gradient coils that can superimpose up to 
3mT/m along the x- or y-axis. The field of view is 0.4m (40cm).

(q) What is the frequency difference between the coordinate system origin and the extreme end of 
the field of view (e.g., 20cm in the y-direction)?

(r) If the field of view is represented by 512 pixels, what is the frequency difference between 
adjoining pixels?

(s) For the phase encode gradient to cause a phase of maximally ±180° at the extreme ends of the 
x-axis, how long is the maximum duration of the phase encode gradient? Hint: The phase is the 
angular frequency multiplied with time, . For example, the shaft of a motor running at 
600rpm turns by π/2 (90° phase) within 25ms.

Note that the answers do not depend on the primary field.

Contributions to the signal  that is received by the antenna are spatially dependent. If we consider 
only one spatial dimension, the individual contributions along the y-axis,  would be 
superimposed and add up in the antenna to form the received signal,

(8)

With the frequency encode gradient,  would resolve into a tissue-dependent component and the 
spin frequency, that is,  – see also Equation 7. In this case, however, ω is not 
constant, but depends on the location along the y-axis:

(9)

Consider the equation of the one-dimensional Fourier transform of a function ,

(10)

(t) Show that  contains, among other factors, the Fourier transform of . Suggestion: 
Substitute Equation 9 into Equation 8 and isolate the y-dependent terms until an integral that 
resembles Equation 10 becomes clearly identifiable. Hints: (1) the function  is 
constant with respect to y; (2) you can invert the gradient and apply it with a negative sign 
(Equation 9) if mathematically convenient.

Note: If you define the normalized time , you can express the integrated signal (Equation 8) 
as , and the constant  can be merged into the transform dimension.



Due date and grading:

The homework is due on 10-17-18 at class time. Late turnin penalty: For each late day, you lose 1 point
from your total score.

Early turnin bonus: If your homework is done before the due date, you may present your work for a 
brief evaluation. If I find significant errors, I will point those out and return the homework to you for 
revision. You may turn in a revised version by the due date. 

Potential maximum score points are awarded as follows:

(a) 1 point
(b) 1 point
(c) 1 point
(d) 1 point
(e) 1 point
(f) 1 point
(g) 2 points
(h) 2 points 
(i) 2 points 12 points for Part 1

(j) 3 points
(k) 5 points
(l) 4 points
(m) 5 points
(n) 2 points
(o) 3 points
(p) 3 points 25 points for Part 2

(q) 3 points
(r) 2 points
(s) 3 points
(t) 5 points 13  points for Part 3

50 points potential maximum score

Please note: This homework might appear to be intimidatingly long. However, most of the individual 
questions do not require much effort – often a simple multiplication or division is sufficient. There is, 
however, a lot of explanatory text that links the questions with the lecture material and puts them in 
context.


